A DUALITY THEOREM FOR GENERALIZED LOCAL COHOMOLOGY 
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Abstract. We prove a duality theorem for graded algebras over a field that implies several known 
duality results : graded local duality, versions of Serre duality for local cohomology and of Suzuki 
duality for generalized local cohomology, and Herzog-Rahimi bigradcd duality. 



1. Introduction 

Several duality results for local cohomology (notably Grothendieck and Serre dualities) and for 
generalized local cohomology (Suzuki duality) are classical results commonly used in commutative 
algebra. A more recent duality theorem was established by Herzog and Rahimi in the context of 
bigraded algebras. We here present a duality result that encapsulates all these duality statements. 
Before stating this theorem, we need to fix some notation. 

Let r be an abelian group and _R be a graded polynomial ring over a commutative Noetherian 
ring i?o- 

For a graded i?-ideal /, we recall from [CCHSj that the grading of R is /-sharp if H\{R)^ is a 
finitely generated i?o-module for any 7 e F and any i. If this is the case, then H}{M)^ is also a 
finitely generated i?o-niodule for any finitely generated graded i?-module M, any 7 S F and any i. 

In the case S = S'o[xi, . . . , Xm, Hi, ■ ■ ■ Vn] is a graded quotient of i? = Ro[Xi, . . . , Xm, ^i, . . . Yn], 
p :— (xi, . . . , Xm) and q := (yi, . . . y„), we define the grading of S to be p-sharp (equivalently q-sharp) 
if the following condition is satisfied : for all 7 G F, 

|{(a, (3) e Z'>-o X Zl, : ^ a, deg(x,) =l + Y.Pj deg(y,)}| < ex.. 

•i j 

This condition on the degrees of the variables is equivalent to the fact that the grading of R is 
(Xi, . . . , X„)-sharp (equivalently (Fi, . . . , y„)-sharp) by jCCHS) 1.2]. 

We set * Hom/j(M, Rq) for the graded i?o-dual of a graded i?-module M. This module is graded 
and * IIomii;(M, Rq)-^ = Homij^, (M_^, Rq). 

The notion of generalized local cohomology was given by Herzog in his Habilitationsschrift [Hj. 
For an ideal / in a commutative Noetherian ring R and AI and N two i?-modules, the i-th generalized 
local cohomology module of M and N with respect to / is denoted by Hj {M, N) . One has a natural 
isomorphism H}{R,N) ~ H}{N) and a spectral sequence i/|(Ext]^(M, iV)) =^ H\'^'^{M,N). 
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Our main result is the following duality result, 

Theorem 1.1. Let S = k[xi, . . . , Xrm yi, ■ ■ ■ l/n] be a Cohen- Macaulay T-graded algebra over a field k. 
Let p {xi, . . . , Xm) and q ;= {yi, . . . yn). Assume that the grading of S is p-sharp (equivalently q- 
sharp), and M and N are finitely generated graded S -modules such that either M has finite projective 
dimension or N has finite projective dimension and Torf (M, wg) = for i > 0, then 

H;{M, N) ~ * Homs(iJf "^-X^, M ®s ^s), k). 

Several previously known duality results are particular cases of this theorem. Namely, 

(i) graded local duality in the case that the base ring is a field corresponds to the case where 
q = and M = S, 

(ii) Serre duality follows from the case where p = and M — S, via the spectral sequence 

(in) Suzuki duality in the context of graded algebras over a field (see |CD[ 3.1]) corresponds to 
the case where q = 0, 

(iv) Herzog-Rahimi spectral sequence corresponds to the case where M — S (see IHRj for the stan- 
drard bigraded case, and [CCHS] for the general case) using the spectral sequence iJ* (Ext;^ {N, ujs)) ^ 

This research took place when the second named author was on sabbatical leave. He would like to 
express his deep thanks to Institut Mathematiques de Jussieu for its kind hospitality. 

2. The duality theorem 

If F, and G, are two complexes of i?- modules, Homgr;j(F,, G.) is the cohomological complex 
with modules C* = np-g=i Homi^(Fj,, G^). If either F, or G, is finite, then IIomgr^(i^,, G,) is the 

totalisation of the double complex with C^'^i = IIom;j(Fp, Gq). 

We first consider the case where R :— k[Xi, . . . , X„i, Yi, . . . , Y„] is a polynomial ring over a field 
fc, p := (Xi,...,X„) and q := {Yi,...,Yn). 

From this point on, we will assume that R is F-graded, for an abelian group F, and that the grading 
of R is p-sharp (equivalently q-sharp). One has ojb. = R[—cr], where tr := J2i deg(Xi) + J^j deg(y,). 

Let C*(M) be the Cech complex ®j Mx^—^ >Mxi...x„^0 and C'{M) be the Cech 

complex O^M^ ^Yi^ ■ ■ ■ ^^^yi - y„^0. Denote by C'{i} the complex G* shifted in cohomo- 
logical degree by i and set — * := * IIom/j( — , k). Recall that — * is exact on the category of graded 
i?-modules. By }CCHS[ 1.4 (b)] one has 



Lemma 2.1. If F, is a graded complex of finite free R-modules, then 
(i) H;{F,) ^Qfori^ m, H^^F,) = for j ^ n, 
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(ii) there is a natural graded map of complexes d : C*{R){m}~>C*{LUR){n}* that induces a map of 
double complexes S : C*(-F',){to}— >C*(Homjj(_F',, a;fl)){n}* which gives rise to a functorial isomor- 
phism 

Proof. Remark that the map defined in [CCHSI 1.4 (b)] is induced by the map from C^{R) to 
C^^{ujr)* defined by d{X~'^^^YP){X*Y^'^^^) = 1 if s = t and p ~ q and else (here p, q, r and s are 
tuples of integers, with p > and t > 0). Notice that C'{R){m} is zero in positive cohomological 
degrees and C*(a;7j){n}* is zero in negative cohomological degrees. Hence this map extends uniquely 
to a map of complexes. □ 

Lemma 2.2. Let M , N and N' be finitely generated graded R-modules and f : N-^N' be a graded 
homomorphism. For any integer i, there exist functorial isomorphisms tp']^ and tp]^, that give rise 
to a commutative diagram 



h;{m,n) 



h;{m,n') 




/i-'''"(//™(Homgr^(F.",Fj^ ))) 



■iy'-'"(//,"(Homgr^(F.^',Fr ®r lor))') 



H^+"-'{N',M(g)R cur) 



where the vertical maps are the natural ones. 

Proof. Let F^'^ be a minimal graded free i?-resolution of M and /, : F^^F^ be a lifting of / 
to minimal graded free i?-resolutions of N and N'. 

Recall that there is a spectral sequence 77*(i/^'(Homgr^(F*^ F,^)) => Hl'^^{M, N), by [CDl 2.12] 
and [HI §6, Theoreme 1, b]. As Hp{F,) — ioi i ^ ni if F, is a complex of free i?-modules, there is 
a natural commutative diagram 



hUm,n') 



jjz-m ( ™ (Homgr^ (F*^ , ^. ) ) ) 



fjt-m ( ™ (Homgr^ (Fj^^ , F^' ) ) ) 
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As F^'^ is bounded, Lemma 1 2 . 1 1 provides the functorial isomorphisms 

Fp-(Homgr«(^^5,F.^)) ~ ff^'(Hom«(Homgr^(F.^^ f^.^), c.^))' 

~ if-(Homgr^(i^.^, F.*^ ®fl uJn)T 

and equivalent ones for N' . This provides a commutative diagram 

m{M,N) -^-^ W-"'{H''{RomgT„{F,^,F,^' ^rlur))*) 



H;{M,N') W-"^iH^{liomgTj,iF,^',F,^' ^rluh))*). 

As /c is a field, we have a natural isomorphism 

W-"\H;\RomgVj,{F,^,F:' ^r))*) ^ H"^~\H^ {Romgv j,{F,^ , F^' ®r cun))* 

for N and a similar one for N' . As F*^ <S^ri^r is acyclic, it provides a free i?-resolution of M ^rlor 
and we get a commutative diagram 



H'^'\H^ {Uomgr j,iF.^' ,F:' (?>R lor))) ^ //™+"-'(iV', M ®fl t^n) 

that follows from same argument as in the first part of this proof, applied to q,N,M Cg)/^ ujr and 
q, N',M ®_R, clJr in place of p, M, N and p, Af, A^' . This finally gives the claimed diagram of natural 
maps. □ 

Remark 2.3. Lemma \2.2\ holds more generally if we replace k by a Gorenstein ring of dimension 0, 
and assume that either M has finite projective dimension or N has finite projective dimension and 
Torf(M,tJ5) = /or i > 0. 

Corollary 2.4. Assume S is a Cohen- Macaulay ring and a finitely generated graded R-module. Let 
F, be a graded complex of finite free S -modules, and consider a graded free R-resolution F„ of F,. 
Then the map given by Lemma \2.1\ 

6 : C;(F..){m}^C;(Homfl(F..,Wfl)){n}* 

induces a graded functorial map of double complexes 

C; {F, ) {dim S}^C; (Homs {F„iOs))* 
which gives rise to isomorphisms 

m{F,) ~ *Homs«'°^-'(Hom5(F.,c.5)),fc). 
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Proof. First notice that 5 is a Cohen-Macaulay i?-module and a graded fc-algebra. By Lemma 
12.21 the map S induces commutative diagrams 

HI {R, F, ) {F, ,u:rY 

h;{r,f,+,) hi^+--^{f,+,,u:rY 

This gives the claim together with the isomorphisms H^{R, F,) ~ F[^{F,) and i7™+"~*(J^,, cj^) ~ 
ff^™'^~*(Homs(i^,, W5)), where the second one foUows from the Cohen-Macaulayness of S via the 
collapsing spectral sequence i/* (Ext-^(F,, a;/?)) => H^^-' {F,,ujr). □ 

Lemma 2.5. Assume S is a Cohen-Macaulay ring and a finitely generated graded R-module. Let 
M and N be finitely generated graded S -modules such that N has finite projective dimension and 
Torf (M, Lus)^0 fori>0. Then the map f ^ ,f ® lu>s induces natural isomorphisms 

Ext5(M, N) ~ Ext's(M ®s ojs, N ®s ojs)- 

It follows that for any S-ideal I, H}{M, N) ~ H}{M (g)s uJs, N (g)s ujs) for all i. 

Proof. The case where Af = = is a classical property of uJs. li M — S the result follows 
by induction on the projective dimension of N, using the five Lemma and the exact sequences of 
Ext modules derived from the exact sequences E : O^Syzf (iV)^i^— >iV^O and E ®5 cos- Notice 
E (g)5 LUs is exact since Torf (P, lus) = for z > if P has finite projective dimension (see [Sj 3.17, 
4.5]). Hence : (*) Hom5(a;s, N (g>s ujs) - N and Extg(a;s, N (g>s ujs) =0, Vi > 0. 

For the general case, let P*^ be a free S'-resolution of M, F^ be a finite free S'-resolution of N 
and I'^ be an injective ^-resolution of ujs- The complex P*^ (X>s uJs is acyclic and, as N has finite 
projective dimension, F^ (8)5 /'^ is a complex of injective ^-modules whose only non zero homology 
is N (g)5 UJs sitting in degree 0, by [Bj §6, Theoreme 1, a]. It follows that 

Extl;(M ®s UJS, N ®s ujs) ^ £r^(Homgrs(P*^ ®s ujs, P.^ ®s /^J) by ^F, §6, Theoreme 1, b], 

~ (Homgrg (P^ , Homs {ujs , P.^ ® s /^^ ) ) by adjointness, 
~ H'{Eoms{F^'^,N) by ibid, and (*), 
~ Ext^(M, N). 

It follows that the map from C;(Homgrs(P*^ P,^)) to C; (Homgr^ (P*^0sws, F^^sl's)) induced 
by tensoring by l^j^ , gives a morphism of spectral sequences which is an isomorphism between the 
first terms, which are respectively Cj(Extg(M, N)) and Cj(Ext|(M ®s ujs,N (g)^ ujs)). Hence the 
total homology of these double complexes are isomorphic. This proves our claim by |CD1 2.12]. 
□ 
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Theorem 2.6. Let S ~ k[xi, . . . , Xm, Vii ■ ■ ■ Un] be a Cohen- Macaulay T-graded algebra over a field k. 
Let p := [xi, . . . , Xm) and q :— {yi, . . . yn). Assume that the grading of S is p-sharp (equivalently q- 
sharp), and M and N are finitely generated graded S -modules such that either M has finite projective 
dimension or N has finite projective dimension and Torf (M, tJs) — for i > 0, then 

H';{M,N) ~ * Roms{H^"^s-\N, M ®scos),k). 

Proof Since the gradmg of S is p-sharp, it follows that i?^(M, N) ~ -ff*(A/, N)** , for aU i. Hence 
by Lemma 12.51 it suffices to treat the case where M has finite projective dimension. Let F^^ and 
be a minimal graded free S'-resolutions of M and N, respectively. Set F, Homgr5(i^*^, F^). 
By Corollary 12.41 if F,, is a graded free _R- resolution of F, , the map 

S : C;{F„){m}~^C;{RomR{F,„UR)){n}* 

given by Lemma 12.11 induces a graded morphism of double complexes 

C;(Homgr5(^^;^ F,^ )){dim S}^C;{Romgr s{F,^ , F^' ®s oJs))* 
that is an isomorphism on the Ei terms : 

H;iRomgTs{F:', i^.^)) ^ i/f "^-'(Homgr^lF.^, F,'' ^s))*- 

It follows that these two spectral sequences have isomorphic terms at any level, in particular 
the same abutment. The first one abuts to H^{M,N) by [CD[ 2.12]. The second one abuts to 
Hf'^S-^N,]^ ®s ^sY by [H §6, Theoreme 1, b] and [321 2.12], as Torf (M,cjs) = for i > 
(because M has finite projective dimension). □ 
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